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ON THE DIFFERENCE BETWEEN PERIGEE AND THE POINT OF
MINIMUM HEIGHT ABOVE THE EARTH'S SURFACE

The point of minimum height above the earth's surface does not occur, in
general, at perigee. The combination of the dynamical and geometrical effects
of the oblateness will cause this to be true. The result holds, however, even by
virtue of the geometrical effect alone. In other words, this effect is associated
not only with a perturbed orbit, but also with the mean elliptic orbit which approx-
imates to it. This paper will show that, in this sense, the geodetic latitude of
minimum height and the geodetic latitude at perigee are different, in general.
Also, formulas for finding the minimum distance between two ellipses will be
developed.

In our development we will use the model of the earth as an oblate spheriod
and thus the intersection of the orbit plane and the earth forms an ellipse. Con-
sider this ellipse and the ellipse representing the satellite orbit as shown in the fol-
lowing diagram. The center of the small ellipse is at one focus of the large
ellipse.
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Let o be the angle between the major axis of the large ellipse and the major
axis of the small ellipse measured in the counterclockwise direction. Then:

X, =Xcosa+ y sin a

y; = = xsina +y cos a

Now for the small ellipse

_(xcosa+ysina)2+(—xsina+ycosa)2_

2 2 2
ag ag (1-eE)

Solving for x, we find that
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Let (xg, yg) be any point on the small ellipse. Then:
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dy? 1-e2cos?a
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and thus
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Now for the large ellipse x'/a? +y’'/b2= 1 where x'= x + ae, y' =y.
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Solving for x, we find that
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Now a point on the small ellipse and a point on the large ellipse are a mini-
mum distance apart only if the line connecting them is normal to both ellipses.
If the point on the large ellipse is at the pericenter then the normal to the large
ellipse at that point must be the major axis of the large ellipse. For this major
axis to be normal to the small ellipse either a = t7kor a =+7(2k + 1)/2,

k=0,1, 2,--+-. We will show that a minimum will occur in the case a = +7k,
k =0, 1, 2,- -+ and will occur under certain conditions in the case a = +7 (2k+1)/2,
k=0,1,2,---. Let y; =y, = 0 and x;, = a - ae.

Now from (1)
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~i}/l-eE }/;E ag e cos” a

XEI

yg=0 1-e cos? a
1- eé
X = +a (11)
E E 2 2
yg=0 1~ eg cos® a




From (2)

From (3)
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We will now show that minimum distance may occur at the pericenter when

a==x7 (2k + 1)/2,k = 0, 1, 2, - . For simplicity let o

From (15)
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From (4)
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Then

_o?d -.-1 (1)

We have a relative minimum only if B2 — AC < 0Oand A + C > 0 where
. A is the right hand side of (19), C is the right hand side of (20), B is the right
hand side of (21). Thus,

g2-__ 1 (22)
(x0 - xE)2

Now both (14) and (17) must have the same sign since maximum x, and x; occur
wheny, = 0, yp = 0 and x5 >0, x; >0 while minimum x, and x; occur
wheny, =0, yy=0and x, < 0, x; < 0. By our knowledge of maxima and minima
we can say when (14) and (17) are positive, x, < 0, x; < 0 and (x, —xg) < 0;
when (14) and (17) are negative, x, > 0, x; > 0 and (x, — x;) > 0. Therefore:

\
1-e2
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> X <0, xp <0 (23)
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or

\
2
A - 1-eg L1
ag Xo = Xg
}XO >0, x5 > 0 (24)
co__ 1 .1
a(l_e2> XO--~XE
J

From (16) and (18) we have for x, < 0 and x; < 0

0

Using (22) and (23) we find that

-Y1-e

2 2
B2_AC:_ E. 1 +< 1 _ l—eE> 1
ag a(1l-e?) a(l-e?) ag (— a-ae+ag l—ef:)
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For Eq. (23) B? —AC > 0 and thus we do not have a minimum.

Consider (22) and (24), where

_ -2
xo—foa—ae—aEyl eE>0

1-e? 1-e? 1

B2 _AC=-- - E 1 E 1
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Now B2 —AC > 0 only if

ag e -aeyl-el (1-e)>0

This will occur if

2
aEe

>ae(l-e)
1-el

and in this case we would not have a minimum. In the case

we would either have a minimum or maximum depending on whether A + C > 0
or A + C <0 respectively.

Now

2
1-eg 1 1 . 1

g Xo=Xg a(l-e?) Xo-Xg

>
+
O
il
+

a?(1-e)y1-el (1-e?)+agael(l-e?)+agae(l-e)+alyl-el

= > 0.
(xy-xg) aga(l-e?)

- wehave a minimum distancefora = + 7 (2k + 1)/2, k = 0,1, 2, * * * when
X, > 0, x> 0 and

<ae (1-e).

[ IS
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We will now show that minimum distance does occur at the pericenter if
a =%7k, k= 0,1, 2, +-+. For simplicity let o = 0.

24 - 1 1
Sy2 T (o)
YE ap(l-eg) x5 -xg
yE=0
y0=0
a=0
Let
A - = 1 1
! ag(1 - eé) X, - Xg
From (20)
2d 1 1
—_— =F +
8y02 a(l - e?) Xy ~ Xg
yE—O
y0=0
a=0
Let
C -3 1 1
1 a(l - e?) X, - Xg
*d o1
ayano X0 - XE
yE=0
Yo=0
a=0
Let
1
Bl = -
Xy — Xg
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Now we have two cases. Either

1 1
ag(l ~eg) x5 - %g
x0<0, xE<0
1 1
C = o=+
a(l - e*) Xg ~ Xg
or
1 1
Al_ =+
ag(l - eg) x, - xg
x0>0, xE>0
C - _ 1 . 1

a(l - e?) Xy - Xg

But in Figure 1, the pericenter is to the right of the y axis and thus we need
only consider the second case. For o =0, x, -Xxg =a -ae -ag>0.

-ae(l -¢e) -aEeé

.’.Bf—AICl: &0
(%o - xg)ag a(l - e2)(1 - e)2

and

a. +ae(l -e)
A +Cl = 1 + 1 + E 2 >0
ag(l - eé) x, - Xg (%g - xg)a(l - e®)

Therefore, in this case we have a minimum.
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Thus we conclude that minimum distance occurs at the pericenter when

a==x7k,k =0,1,2,---. We also conclude that minimum distance does not
occur at the pericenter when o # =7k, k = 0, 1, 2, - - except in the case
a= x7 (2k +1)/2,k =0, 1, 2, --+ and occurs in this case if x, > 0, x; > 0 and
2
a, e
FE <ae(l-e).
l—ef:

We wish to find the points (x5, y§), (i, y;) which are a minimum distance
apart in the orbit plane.

~ set 9d/dy, = 0 and 9d/3Jy, = 0 and solve for y, and y,.

From (7) we get

8XE _ yO_yE (25)
9yg X0~ Xg
From (9) we get
O%g _ _ Yo~ ¥ (26)
9Y, X0~ Xg
. BxE : BXO @7)
Oyg 9V,

Solve (25) and (26) simultaneously to find y, and y,. From (4), (5) and
(26) we have

y Yo— ¥
2 2
y
a? - (1-e?) t /a% - Yo ~ae— Xg
1-e2 1-e
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From (5) and (27) we have

_ Yo _ Oxg
2 ay
y E
a? - - (1-e?)
1-e2
ox
a(l-e2) g__E
y
¥ = = (29)
BXE 2
t /1 4+ (1-e?) | —
Yg
Use (28) and let
_ y
f(yg) =7 0 (30)
2
y
a2 - 2 (1-e?)
1-e2
and
Yo UV
g(yg) = - 0o "E (31)
g
y
t fa? - ° _a e - Xg
1-e
Now
f (yg+h) = f(yg) + hf'(yp)
and
g(yg+h) = g(yg) + hg' (yg)
we want

f (vg+h) = g(yg +h)

“f (yg) + hf' (yp) = g(yg) + heg' (yp)
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g (yp) - £ (yp)

= (32)
£ (vg) - g' (vp)
From (30)
-1/2
2
, Y5 vi [2 NE ]
a“ - + a® -
, 1 l1-¢ 1-e? 1-e2 3y,
£ (yg) = + =2 >
—€ a? Yo Vg
1-e2
Then
2 dy
£ (v = F — 2 ° (33)

From (29) we obtain

dy 3%x ox.\? 0Ox 3x \7T Y% 9x,_ 9%x
0. + a(l—ez) E 1+(1—e2) By __E 1+(1—62) _* = :(1“92)
Vg 3yg 9y OVg Vg 9yy 9¥g
1+ (1 -e?) (9x,/3y,)?
32x 9x_\2 Ix.\% 3%x
a(l-e?) Te i ' V) Ve
3 3/2
Oxp\
1+ (l-e?) [—&
dyg

BN

il
=+

9?2 xp
Jdy oy2
w224 a(1-e?) E (34)
ByE
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Next

-1/2
2 2
?;yg—l t [/ a?- Yo —ae-X.| - (Yo Ve) | + 2_ Yo Yo a_y?_axE
v, - 1-e2 E| T WoVE 1-e? 1-e? 3y, dy,
S

1 __a.yo ( N Yo ©°¥p Oxg s vz
— - +-— —— i — —
t( ) ayE + Yo 1-e? ayE ByE 1-e?
.'.g Y. =
E 2 \V/2 2 \I/2 2 \1/2
+ (a2 20 ae-x t (a2 Yo 2_ Yo
1—-62 E - - 1-82' —ae—xE a ~1—e2
(35)

We can now use the equations f,., (yg) = f, (yg +h)and g,y (vg) =
g, (g + h) along with equations (1), (2), (3), (29), (30), (31), (32), (33), (34),
and (35) to iterate and thus find yi- Then we can use (29) to find ys, (1) to find
X and (4) to find x3.

We now have the points (x}, y3) and (xg, yg ) which are a minimum distance
apart in the orbit plane. We next wish to find the geocentric latitude and the
longitude of these points.

From Figure 2 and knowledge of spherical trigonometry we have sin ¢ =
sin i1 sin ¢ where ¢ is geocentric latitude. Alsotan (a +c) =y§/x} ~ a +
c = tan"! (y3/xg) -~ c = tan”! (y3/x?) —o and ¢ = sin”! (sin i sin c).

Next let A’ be the longitude of ascending node. Note A\’ is negative in
Figure 2. sin Ay = tan ¢ cot i ~ A; = sin"!(tan ¢ cot i). In Figure 2 A,

is negative. Now A = X' — X; = A' — sin™! (tan ¢ cot i).

Finally to find geocentric latitude and longitude of (x;, y%), replace x§ with
x} and y# with y} in the above equations.
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It is interesting to point out that if we desire to find the minimum distance
between two orbit ellipses which have the same primary, are in the same plane
and do not intersect each other, we can change the equation for the small ellipse
from

2 2
Xy ¥y
7 2 T
ag aE(l -e%)
to
(x, +ag eE)2 yf .
.)r -
2 2 2
ag aE(l - eg)

and use the derivation given in this paper.

It will now be shown that the point of minimum height above the earth's
surface does not occur, in general, at perigee.

Let d; = Y(x, - %)% + (yo - ¥p)? + (2, - 25)*  where (x,, vo, z,) and
(xg, ¥g» zg) are given in the xyz coordinate system. (xg, yg, zg) is any
point on the earth (as an oblate spheriod) and (x,. y,, z,) 1is any point on the
orbit ellipse. Therefore z, = 0.

Thus

d, = Yixg - %)% + (o - vp)? + 22

od ox

22d, —2=2(xy - xg) —+ 2(yy - ¥g) = 0
Byo ayo
X,
(Xg = %) —= + (Yo -¥g) = 0
Y,

Now at perigee y, = 0. If minimum height occurs at perigee we would have
0
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From equation (5) we have

9%, Yo
.
Yo v?
a2 - (1 —e?)
Thus -€
on
_9 -0
Byo
y0=0

We immediately conclude that if minimum height occurs at perigee, then
yg = 0. This implies that the line of minimum height lies in the xz plane (see
Figure 3). We also know that the line of minimum height must be contained in
a meridian plane since only then can the line be normal to the earth's surface.
Thus the line of minimum height must be contained in the meridian plane con-
taining perigee.

We are primarily interested in the general case where i # 0 and o # 0
but we will first consider the special cases where i = 0 and where i # 0 but
o = 0. For i =0 the meridian plane containing perigee is also the xz plane.
The normal from perigee will thus be in the xz plane, the meridian plane and
the orbit plane. In this case we do have the minimum height at perigee. If i # 0
but o = 0 then the line of minimum height can be in the meridian plane and the
xz plane but it must also be in the orbit plane. We can see from the conclusions
of the first part of this paper that this is possible and thus minimum height is at
perigee when i # 0, and a = 0,

If i #0 and @ # 0 then once again the line of minimum height can be in the
meridian plane and the xz plane but only if it is also in the orbit plane. From the
conclusions of the first part of this paper we know that i$ is impossible for the
minimum height to be at perigee when o # 0 unless a = 7/2. Now if i # 0, and
the line of minimum height is not in the orbit plane then it cannot be in both the
meridian plane and the xz plane at the same time and we have a contradiction.
Thus minimum height can not occur at perigee when i #0, a #0, a # 7/2.

Therefore minimum height cannot occur at perigee unless i = 0 or unless
either « =0 ora = 7/2. For a = 7/2 the restrictions given earlier in this
paper still hold. We thus conclude that the point of minimum height above the
earth's surface does not occur, in general, at perigee.
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(xE’ yE)
(%9> ¥¢)

(xg, v§)

NOMENCLATURE

L}

semi-major axis of large ellipse; semi-major axis of satellite
orbit

semi-major axis of small ellipse; equatorial radius of earth

angle between major axis of large ellipse and major axis of small
ellipse measured in the counterclockwise direction; o or 7 - a
is the argument of perigee

central angle, measured in the orbit plane, from the ascending
node to (x§, yg)

Vix, - %)% + (v, = vp)?

V (%o - %)% + (yy - vp)? + 22

eccentricity of large ellipse; eccentricity of satellite orbit

eccentricity of small ellipse

intersection of prime meridian and equatorial plane

inclination of the orbit plane

longitude of ascending node
= longitude of ascending node minus longitude of (x5, yg)

= longitude of (x§, v3)

"

center of earth

I

geocentric latitude of (x}, y})

I

perigee

]

any point on the small ellipse

i

any point on the large ellipse

point on the small ellipse which is minimum distance from the
large ellipse
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(x"(;, y’(';) = point on the large ellipse which is minimum distance from the
small ellipse
(xg, yg, zz) = point on the earth (as an oblate spheriod) given in the xyz
coordinate system
(x4, ¥4, 0) = point on the ellipse given in the xyz coordinate system

X, X;, ¥, ¥; are the same axes in both Figure 1 and Figure 2.

The author wishes to thank Dr. Joseph W. Siry and Mr. W. S. Soar for the
many helpful suggestions which they contributed toward this work.
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